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Abstract
The consideration of electromagnetic ﬁeld sources in potential formulations necessitates the deﬁnition of source ﬁelds. Such source
ﬁelds are ﬁrst deﬁned for both volume and boundary constraints in static electromagnetic models. Then, automatic procedures are
proposed to conveniently and efﬁciently characterize discrete source ﬁelds, with regard to their use in ﬁnite element formulations,
their supports, their direct expression requiring no pre-computation, and their associated constraints. Two application examples are
proposed to illustrate the approach.
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1. Introduction
In static electromagnetism (i.e., in magnetostatics, electrokinetics and electrostatics), scalar or vector potential
formulations are generally used to solve numerically two partial derivative equations stemmed from the Maxwell
equations. Different kinds of electromagnetic ﬁeld sources exist. Somematerials, like permanent magnets, can naturally
produce electromagnetic ﬁelds without any external excitations. Such sources can naturally be expressed through a
residual ﬂux density or a coercive ﬁeld in their constitutive relationships. Other sources, called volume sources, are
relative to electric charges and current densities. Their consideration in potential formulations necessitates the deﬁnition
of source ﬁelds.
A source ﬁeld is a vector potential of which the curl or the divergence is set to a given distribution satisfying certain
constraints. As a part of a total unknown ﬁeld, it allows its complementary reaction ﬁeld to satisfy only homogeneous
constraints, by supporting itself the non-homogeneous ones. As an example, a curl-conform source magnetic ﬁeld can
support alone a current constraint in a conductor, allowing the reaction ﬁeld to be curl-free in a stranded inductor or
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deﬁning a zero total reaction current, i.e., the ﬂux of its curl, in a massive inductor. Also, a div-conform source electric
ﬂux density ﬁeld can support an electric charge constraint in a region, allowing the reaction ﬁeld to be div-free. The
so-obtained curl-free or div-free reaction ﬁelds can then be expressed through single-valued potentials. A source ﬁeld
is not unique and can thus be characterized with various forms. Besides these direct sources, for simplifying the model
or the shape of the source supports, global quantities such as ﬂuxes and circulations can be prescribed on the boundary
of the studied domain, deﬁning boundary constraints. In the same way as with volume sources, such global quantities
can be deﬁned through source ﬁelds.
Different methods have been proposed to calculate source ﬁelds due to volume source term and source term located
on the boundary [3–5,7,8]. The accuracy of a discrete model usually depends on the discretization of both the source
ﬁelds and the unknown potentials, being the reaction ﬁelds.
In this paper, a general approach is made to deﬁne and discretize source ﬁelds. The continuous problem is ﬁrst
described and the properties of the sources ﬁelds are given. Then, methods are proposed for discretizing source ﬁelds
to be used in ﬁnite element potential formulations. Two application examples are given and discussed.
2. Position of the problem with its volume and boundary constraints
A domain D of boundary S is considered on which ﬁeld distributions Xc and Xd have to be calculated. For the sake of
simplicity, the domain D is assumed to be contractile (with no holes and cavities), which nevertheless does not prevent
the extension of the proposed method to more complex domain topologies. Static electromagnetic problems can be
described by two equilibrium equations with associated boundary conditions, i.e.,
curlXc = c with Xc × n = 0 on Sc, (1a)
divXd = d with Xd · n = 0 on Sd, (1b)
where Sd and Sc are complementary parts of S, with Sc ∪ Sd = S and Sc ∩ Sd = ∅, and n is the outward unit normal
vector to S. Table 1 shows the physical meaning of the ﬁelds Xc and Xd for the different considered problems. The
right-hand sides c and d of (1a) and (1b) are the generally given volume electromagnetic ﬁeld sources. A constitutive
equation describing the behaviour of the media has to be added to (1a) and (1b), i.e.,
Xd = f (Xc). (2)
In case the electromagnetic ﬁeld sources are exterior to the domainD, they can be deﬁned throughboundary conditions
on ﬁelds Xd and Xc. For the ﬁeld Xd, ﬂuxes i ﬂowing through nd surfaces Sic of Sc can be deﬁned, i.e.,
i =
∫
Sic
Xd · n dS, (3)
where the surfaces Sic are supposed to be simply connected and with no intersection. According to (1b) and (3), ﬂuxes
i have to satisfy the compatibility equation
nd∑
i=1
i =
∫
D
d dD, (4)
Table 1
Physical meaning of ﬁelds Xc and Xd in (1a) and (1b)
Field Static model
Magnetostatics Electrostatics Electrokinetics
Xc Magnetic ﬁeld Electric ﬁeld Electric ﬁeld
Xd Magnetic ﬂux density Electric ﬂux density Current density
c Current density 0 0
d 0 Electric charge density 0
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Fig. 1. Example of application of the compatibility condition (4) and (6). If the source vector d is null, the right-hand side of (4) is equal to zero. Eq.
(4) can be written as1 +2 +3 =0, and two ﬂux values can be set independently. If the source vector c is equal to zero on the boundary S of D,
the close path holds the paths c12, c23 and c13 and has the same orientation as 12, the compatibility condition is then given by 12 − 23 + 13 =0.
Two circulations 13 and 23 can be set independently.
and consequently a number of nd − 1 ﬂux values can be ﬁxed independently. For convenience, the surfaces Sic are
ranked such that the ﬂuxes i (i ∈ [nd − 1]) are the degrees of freedom, the ﬂux ﬂowing through the surface Sndc being
calculated by (4). In the same way, the circulation  of Xc can be also imposed on an oriented path c located on Sd,
i.e.
 =
∫
c
Xc · dl, (5)
where dl is the elementary tangential vector along the path c. Generally, such paths link surfaces of Sc and only one
path cij has to be deﬁned between two surfaces Sic and S
j
c of Sc; the circulation of Xc along this path is denoted by ij .
The quantities ij have to also satisfy a compatibility equation. For any oriented close path  of S composed of paths
cij and with the remaining part located only on Sc, the circulations ij have to satisfy
∑
cij∈
ij ij =
∫
S
c · n dS, (6)
where S is a surface of boundary, ij is equal to ±1 if cij belongs to (the sign is given by the orientation of cij with
respect to the orientation of) and equal to zero if not.An example of paths cij is given in Fig. 1. The maximum number
of circulations that can be set independently is equal to nd − 1. In the following, for convenience, the set composed
of all the independent circulations between the surfaces Sic (i ∈ [1, nd − 1]) and the surface Sndc is considered. All the
other circulations are linear combinations of these independent circulations through (6). For the sake of simplicity, ci
denotes the path cind linking Sic and S
nd
c and i denotes the circulation ind .
3. Deﬁnition of source ﬁelds
Both volume and boundary sources can be considered through source ﬁelds deﬁned in the domain D, one source
ﬁeld being actually associated with each source.
Independent div-conform source ﬁelds satisfying (1b) and (3) for all surfaces Sic (i ∈ [1, nd − 1]), respectively,
associated with the volume source and the boundary can be combined to give the total source ﬁeld Xds. This total
source ﬁeld can be written as
Xds = Xds +
nd−1∑
i=1
ix
i
ds, (7a)
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where Xds is the source ﬁeld satisfying (1b), associated with the volume source d, and giving to (3), i.e.,
divXds = d, Xds · n = 0 on Sd and
∫
Sic
Xds · n dS = 0 ∀i ∈ [1, nd − 1], (7b)
and xids (i ∈ [1, nd − 1]) are the source ﬁelds satisfying (3), associated with the ﬂux boundary sources, and giving no
contribution to (1b), i.e.,
div xids = 0, xids · n = 0 on Sd and
∫
S
j
c
xids · n dS = ij ∀j ∈ [1, nd − 1], (7c)
where ij is the Kronecker symbol.
Since the domain D is contractile, each source ﬁeld xids being divergence-free in D can derive from a vector potential
aids, i.e.,
xids = curl aids in D. (8)
The tangential component of aids is nevertheless not null on the whole Sd since the circulation of this potential along
a close path on Sd surrounding Sic must be equal to 1. This condition can be expressed through the deﬁnition of a
multivalued scalar potential ids on the boundary Sd, of which the discontinuity through the path ci , denoted by [ids]ci ,
is equal to one and zero through the other paths [3], i.e.,
aids × n = gradids × n on Sd with [ids]cj = ij ∀j ∈ [1, nd − 1]. (9)
In the same way, a total curl-conform source ﬁeld Xcs can be also deﬁned satisfying (1a) and (5) for all paths
ci (i ∈ [1, nd − 1]). It can be written as a combination of independent curl-conform source ﬁelds as
Xcs = Xcs +
nd−1∑
i=1
ix
i
cs, (10a)
where Xcs is the source ﬁeld associated with the volume source c, i.e.,
curlXcs = c, Xcs × n = 0 on Sc and
∫
ci
Xds · dl = 0 ∀i ∈ [1, nd − 1], (10b)
and xics (i ∈ [1, nd − 1]) are the source ﬁelds associated with the circulation boundary sources, i.e.,
curl xics = 0, xics × n = 0 on Sc and
∫
cj
xics · dl = ij ∀j ∈ [1, nd − 1]. (10c)
Because the domain D is contractile, each source ﬁeld xics can be written as the gradient of a source scalar potential
ics, i.e.,
xics = gradics with ics = 1 on Sic and jcs = 0 on Sjc ∀j = i, (11)
which respects characterization (10c).
The ﬁelds X′d = Xd − Xds and X′c = Xc − Xcs, called reaction ﬁelds, can then be deﬁned. They present the interest
of satisfying the homogeneous counterparts of equations and boundary conditions (1a), (1b), (3) and (5), i.e.,
curlX′c = 0, X′c × n = 0 on Sc and
∫
ci
X′c · dl = 0 ∀i ∈ [1, nd − 1], (12a)
divX′d = 0, X′d · n = 0 on Sd and
∫
Sic
X′d · dS = 0 ∀i ∈ [1, nd − 1]. (12b)
The source ﬁelds do not appear in the equilibrium equation anymore, but only in the constitutive relationship (2),
which is then written as
X′d + Xds = f (X′c + Xcs). (13)
From now on, vector and scalar potential formulations can be easily introduced.
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3.1. Vector potential formulation
In the following, it is shown how to take into account naturally the volume sources d, c and the ﬂuxes i by means
of the source ﬁelds previously deﬁned. Since domain D is contractile, X′d can be written as
X′d = curl A′, with A′ × n = 0 on Sd, (14)
where A′ is a vector potential. The boundary condition for the vector potential A′ in (14) is homogeneous because the
ﬂux of X′d is equal to zero through all surfaces Sic. The equation to be solved is then given by (1a) and (2), i.e.,
curl f −1
[
curl(A′) +
nd−1∑
i=1
ix
i
ds + Xds
]
= c. (15)
A gauge condition on A′ has to be added to ensure its uniqueness. When deﬁning source vector potentials aids for the
source ﬁelds xids by (8), (15) becomes
curl f −1
[
curl
(
A′ +
nd−1∑
i=1
ia
i
ds
)
+ Xds
]
= c. (16)
To account for d, a source ﬁeld Xds has to be calculated, unlike the term c that can be directly used in the vector
potential formulation. Prescribed ﬂux values i can be naturally introduced in the vector potential formulation. In case
ﬂuxes i are unknown, circulations i have to be prescribed or, more generally, circuit relations relating ﬂuxes and
circulations have to be given in case of circuit coupling. Equations have then to be added linking the vector potential
to circulation i . Some methods have already been proposed to obtain such relations using particular source ﬁelds
aids [5,6].
3.2. Scalar potential formulation
In the following, it is shown how to account for the volume source terms and the circulations i . Since D is contractile
and the vector X′c is curl-free, X′c can be written as
X′c = grad′, with ′ = 0 on Sc, (17)
where ′ is a scalar potential, for which the homogeneous boundary condition on Sc is equivalent to the one in (12a).
The equation to be solved is then given by (1b) and (2), i.e.,
div f
[
grad(′) +
nd−1∑
i=1
ix
i
cs + Xcs
]
= d. (18)
When deﬁning source scalar potentials ics for the source ﬁelds xics by (11), (18) becomes
div f
[
grad
(
′ +
nd−1∑
i=1
i
i
cs
)
+ Xcs
]
= d. (19)
Unlike the vector potential formulation, the circulation can be set naturally but some circuit equations have to be added
in case ﬂuxes of Xd ﬂowing through surfaces Sic have to be prescribed.
4. Discretization of the source ﬁelds
4.1. Sequence of discrete spaces
A mesh M of the domain D is considered. It is made of different geometrical entities, i.e., nodes, edges, facets
and elements, in number n0, n1, n2 and n3, respectively. Interpolation functions: w0i (1 in0), w1i (1 in1),
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w2i (1 in2) and w3i (1 in3) are associated with these respective entities. The family of functions deﬁned
in [1] for simplexes, known as Whitney functions, have interesting properties for ﬁnite element approximations of
scalar, curl- and div-conform ﬁelds. These functions can be generalized to other kinds of geometrical elements, such
as quadrangles, hexahedra and prisms. Amongst these properties, one has the value of w0i equal to one on the node
“i” and equal to zero on the others, the circulation along oriented edges of w1i equal to one along the edge i and equal
to zero along the others, the ﬂux through oriented facets of w2i equal to one through the facet i and equal to zero
through the others, and the value of the volume integral of w3i equal to one on the element i and equal to zero on the
others. In addition, these functions generate ﬁnite dimension spaces that have common properties with the spaces in
the continuous domain. If W0, W1, W2 and W3 are the spaces generated by {w0i}1 in0, {w1i}1 in1, {w2i}1 in2
and {w3i}1 in3, respectively, since D is contractile, they form a sequence, i.e.,
Dom{gradW0} = Ker{curlW1}, (20)
Dom{curlW1} = Ker{divW2}, (21)
where Dom{fW } is the domain of the operator f of the space W and Ker{fW } is the kernel of the operator f in W .
According to (20) and (21), discretized ﬁelds and potentials can be easily introduced. The unknown potentials A′ and
′ are found out in W1 and W0, respectively. According to (21), in the vector potential formulation, Xd is in W2 and
d in W3. According to (20) and (21), in the scalar potential formulation, Xc is in W1 and c in W2. In the following,
it is assumed that d and c have been discretized in the suitable spaces. This problem is not necessarily obvious for
c since the discretization of D can modify the shape of the support of this volume source (i.e., the stranded inductors
in magnetostatics) and, consequently, the calculation of a div-free ﬁeld c in W2 is not straightforward. Nevertheless,
different methods have been proposed to calculate such a ﬁeld [4,7].
4.2. Source ﬁeld calculation
Different methods can be used to calculate the source ﬁelds. Nevertheless, an accurate approximation of the physical
ﬁelds is usually reliant on an accurate complementarity between the source and reaction ﬁelds, for e.g., avoiding the
so-called cancellation error. It appears then preferable to characterize the source and reaction ﬁelds in the same discrete
spaces.
In the following, the spaces Wi will be used for characterizing the source ﬁelds, mainly of curl-conform and div-
conform types. The curl-conform source ﬁelds are Xcs, xics (i ∈ [1, nd − 1]) and aids, for which the same method can
be applied for their calculation in W1. This method will be presented in detail for Xcs. An inﬁnite number of ﬁelds
Xcs ∈ W1 verifying (10b) exists. For ﬁnding out an unique source ﬁeld, a gauge condition based on a spanning tree is
used. If Xcs i denotes the circulation of Xcs along the edge i, one has
Xcs =
n1∑
i=1
Xcs iw1i . (22)
The calculation ofXcs then consists in determining all the circulationsXcs i . The ﬁrst step consists in building a tree of
edges. To fulﬁl the boundary conditions on Xcs, the determination of the tree begins on surfaces Sic (i ∈ [1, nd]). Since
surfaces Sic are disjoint, the computation of the tree consists in building independent trees on each of these surfaces.
Then, all the edges belonging to the paths ci (a path ci is assumed to be deﬁned by a union of edges) are included in
the tree (this is a particular choice for building a tree already adapted to an easy calculation of the source ﬁelds xics
associated with the boundary). According to the deﬁnition of the path ci , no loop made of tree edges is created. Then,
the building of the tree is processed in the domain D without any other constraint.
In the second step, the circulations Xcs i on the tree edges are ﬁxed. Generally, they have to be set to the same
value on each tree edges located on Sci . To cancel the circulation of Xcs along the path ci , the sum of the circula-
tions Xcs i of all the edges located on ci must be equal to zero. To satisfy, all the conditions below, the circulations
Xcs i can be ﬁxed to zero for example (for xics the circulation on ci has to be equal to one, which can be satisﬁed
by cancelling all the edges circulations along ci except one set to 1). At the end of this step, the unicity of Xcs
is set.
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In the third step, the circulations on the co-tree edges are calculated in order to satisfy the curl of Xcs. The circulations
of Xcs along the border of all the facets f of the mesh M have to satisfy
cf =
∫
f
c · n dS =
∫
f
Xcs · dl =
n1∑
i=1
f iX

cs i , (23)
where cf is the ﬂux of c through the facet f , f i is equal to ±1 if the edge i belongs to the facet f (the sign is
given by the orientation of the edge i with respect to the orientation of the facet f ) and equal to zero if not. If nf is the
number of edges of the facet f , (23) enables to calculate a circulation knowing nf − 1 circulations Xcs 	 belonging to
this facet. An iterative procedure based on (23) enables to complete the calculation of all the remaining circulations.
Note that the deﬁnition of a source scalar potential ics by (11) would enable a direct explicit characterization of
source ﬁelds xics, without the need of any pre-calculation. This can be easily done by ﬁxing, for each potential ics, unit
nodal values on Sic, leading to a support for the potential ics and the ensuing source ﬁeld xics limited to the single layer
of elements adjacent to Sic [3].
The div-conform ﬁelds are Xds and x
i
ds (i ∈ [1, nd − 1]). The calculation of such ﬁelds is based also on a gauge
using a tree of facets. The method to build such a tree is very close to the one used to build an edge tree. In fact, if the
dual mesh Mdual of the mesh M is considered, to each geometrical entity of the mesh M corresponds one geometrical
entity of Mdual such as: to a node of M corresponds an element of Mdual, to an edge a facet, to a facet an edge, to an
element a node [2]. So, using the dual mesh , the relation between the facets and the elements of M can be represented
by a graph of edges linking nodes [7]. This ﬁeld can be written as
Xds =
n2∑
i=1
Xds iw2i , (24)
where Xds i is the ﬂux of X

ds through the facet i.
To fulﬁl the conditions on the boundary, all facets located on surfaces, where the normal component of Xds and
xids (i ∈ [1, nd − 1]) is ﬁxed (on Sd for example) or where the ﬂux is prescribed, belong to the facet tree. The ﬂuxes
through these facets are then set according to the condition to satisfy. For Xds, all scalars X

ds iare cancelled (for xids, at
least one facet ﬂux on Sic cannot be cancelled). Then, the calculation of the facet tree is processed on the whole domain.
The other facet ﬂuxes of the tree can be ﬁxed to any value, e.g., they are ﬁxed to zero for convenience. At this stage,
Xds is unique. The ﬂuxes through the remaining co-tree facets are calculated in order to satisfy the divergence X

ds. The
ﬂuxes of Xds through the facets of any elements e of the mesh M have to satisfy
de =
∫
e
d dD =
∫
e
Xds · ndS =
n2∑
f=1
ef X

ds f , (25)
where de is the charge hold in the element e and ef is equal to ±1 if the facet f belongs to the element e (the sign is
given by the orientation of the facet f with respect to the orientation of the element e) and equal to zero if not. Using
(25), the remaining ﬂuxes Xds i can be calculated using an iterative procedure.
Note that the deﬁnition of a multivalued scalar potential ids by (9) would enable a direct characterization of the
source ﬁelds xids. This can be done by ﬁxing, for each potential 
i
ds, unit nodal values on the nodes of path ci , with a
surface contribution only on one side of this path. This leads to a support for the potential ids and the ensuing source
ﬁeld xids limited to the single layer of elements adjacent to the belt of surface elements adjacent to one side of path
ci [3].
5. Applications
Two magnetostatic problems are considered as examples of application. Physical ﬁelds Xd and Xc are then the
magnetic ﬂux density b and the magnetic ﬁeld h. Electrostatic and electokinetic problems could nevertheless be solved
using the same developments.
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Fig. 2. Geometry of the studied device and boundary conditions.
Fig. 3. Mesh of the studied structure (a) and distribution of the source ﬁeld due to the magnetomotive force alone (b).
The ﬁrst example concerns an iron core crossed by two inductors as shown in Fig. 2. The materials are assumed
to be of linear behaviour; relation (2) then becomes Xd = 
Xc or b = 
h, where 
 is the magnetic permeability. The
relative permeability of the iron is equal to 1000 and the one of the inductor is equal to one. The inductors are ﬂown
by the same current density (i.e., the source c) in opposite directions. A circulation is also prescribed along a path c1
linking the surfaces S1c and S2c (Fig. 2).
To model this structure, the scalar potential formulation is solved. Two source ﬁelds have to be calculated: Xcd to
account for the current density ﬂowing in the inductors and x1cs to prescribe the circulation of the magnetic ﬁeld along
the path c1. The mesh of the structure is shown in Fig. 3a (12 565 elements and 2615 nodal unknowns). The source
ﬁeld x1cs is shown in Fig. 3b. The extension of the source ﬁeld in the whole domain can be noticed, whereas the only
non-homogeneous condition is on the circulation along the path c1, this condition being strongly localized. At ﬁrst, the
magnetic ﬂux density (Xd =f (Xc)) has been computed for a zero current density in the inductor (Xcd =0) (Fig. 4a). It
can be seen that the magnetic ﬂux density is quite homogeneous except in the inductor where the permeability is very
weak. The gradient of the potential ′ compensates locally the source ﬁeld x1cs to obtain this symmetric distribution
whereas the source term does not respect the symmetry of the device. Fig. 4 shows the magnetic ﬂux density distribution
when both source ﬁelds are considered. The modiﬁcation of the distribution around the inductors can be noted.
In the second example, no volume sources are considered. A magnetic ﬂux is prescribed ﬂowing through the surface
S1c as shown in Fig. 5a. The vector potential formulation has been used to calculate themagnetic ﬂux density distribution
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Fig. 4. Magnetic ﬂux density (in Tesla) Xd distribution due to x1cs alone (a) and due to x1cs and Xcd.
Fig. 5. Geometry of the studied device (a) and distribution of the magnetic ﬂux density (in Tesla) (b).
Fig. 6. Distribution of two sources ﬁelds a1sd used for prescribing the magnetic ﬂux.
and the result is represented in Fig. 5b. Two source ﬁelds a1sd have been calculated and their distributions are given in
Fig. 6. They have been calculated for having in the domain D a support of minimum size for x1sd and a1sd. Although the
distributions of the source ﬁelds are different, the solution of the vector potential formulation leads to the same result
for the physical ﬁeld Xd.
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6. Conclusions
In this paper, a method to calculate ﬁelds to account for source terms in both static potential formulations in
electromagnetism has been presented. This method, based on tree technique, has been applied in the ﬁnite element
method for characterizing volume source terms or source terms prescribed on the boundary. Nevertheless, it can be
extended to others schemes of discretization such as ﬁnite integration technique.
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